Unit 2 Air Traffic Control


AOE Algebra 1 Math Support

Unit 2

Air Traffic Control

Teacher Resources

	Resource
	Description

	Teacher Resource 1.1
	Display: Flight Paths

	Teacher Resource 1.2
	Answer Key: Analyze the Approaches

	Teacher Resource 2.1
	Answer Key: Southwest 190, Change Your Rate of Speed

	Teacher Resource 2.2
	Answer Key: Graphing Rates of Change

	Teacher Resource 3.1
	Answer Key: Delta 134, Divert to Alternate Airport

	Teacher Resource 3.2
	Answer Key: Calculating Slopes

	Teacher Resource 4.1
	Answer Key: American 722, Maintain Your Separation

	Teacher Resource 4.2
	Answer Key: Parallel Lines

	Teacher Resource 5.1
	Sample Answer: Safe Landings

	Teacher Resource 6.1
	Answer Key: What Is Your Position?

	Teacher Resource 6.2
	Answer Key: What Is the Big Picture?

	Teacher Resource 6.3
	Answer Key: Graphing Equations

	Teacher Resource 7.1
	Answer Key: Which Form Is Best?

	Teacher Resource 7.2
	Answer Key: Equivalent Forms

	Teacher Resource 8.1
	Sample Solution: Air Traffic Control Project


Teacher Resource 1.1

Display: Flight Paths
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Teacher Resource 1.2

Answer Key: Analyze the Approaches

Directions 

The three aircrafts in the table below are flying on the same flight path toward their destination airport. Complete the activity using the given information. 

	Position and Speed of Planes on Flight Path A

	Plane
	Position at time = 0
(miles from Airport)
	Speed toward Airport
(miles per hour)
	Speed toward Airport
(miles per minute)

	Delta 134
	50
	450
	7.5

	Southwest 190
	54
	360
	6

	American 722
	62
	540
	9


1)
Convert all of the speeds into miles per minute and record your answers in the table above.

2)
Watch as classmates move planes one at a time along the flight path created in the classroom. Make sure that each plane is moving at the correct speed. 


Record the flight information of each plane in the tables below.

	Delta 134

	Time in Minutes (t)
	0
	1
	2
	3
	4
	5
	6
	7
	8

	Miles away from Airport (m)
	50
	42.5
	35
	27.5
	20
	12.5
	5
	−2.5
	−10

	Southwest 190

	Time in Minutes (t)
	0
	1
	2
	3
	4
	5
	6
	7
	8

	Miles away from Airport (m)
	54
	48
	42
	36
	30
	24
	18
	12
	6

	American 722

	Time in Minutes (t)
	0
	1
	2
	3
	4
	5
	6
	7
	8

	Miles away from Airport (m)
	62
	53
	44
	35
	26
	17
	8
	−1
	−10


3)
After exactly how much time does each plane reach the airport (m = 0)?

	Delta 134:
	~6.3
	minutes
	Southwest 190:
	9
	minutes

	American 722:
	~6.9
	minutes
	
	
	


Calculations:

4)
Graph the progress of each plane along the flight path on pages provided. Use a different color to represent each plane.
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Teacher Resource 2.1

Answer Key: Southwest 190, Change Your Rate of Speed

Directions 

Three aircrafts are flying on the same flight path toward their destination airport. What happens if one of the planes changes its speed? Answer the questions about Southwest 190 using the graph you produced during the previous activity. 


1)
Look at the graph you made for Southwest 190. Label the line “Original course,” and write coordinates of the graph at each minute of travel. See attached graph.
2)
In terms of the Southwest 190 graph, what does the coordinate (5,24) mean? What coordinate tells you when the plane reaches the airport? At 5 minutes after t = 0, the plane is 24 miles away from the airport. The coordinate (9,0) states when the plane is at the airport.

3)
It was given that the plane is moving at 6 miles per minute toward the airport. How could you figure that out by looking at the graph if you weren’t told? Explain how you figured it out. Explanations will vary. You could identify two points on the graphed line and determine the rate of speed from those points.

4) Does Southwest 190 change its speed at any time on the graph? Calculate the plane’s average speed from:

a) Minute 0 to minute 1 6 miles/minute
b) Minute 3 to minute 5 6 miles/minute
c) Minute 2 to minute 6 6 miles/minute
	[image: image3.wmf]
	5) Pretend that at t = 0, air traffic control tells Southwest 190 that it needs to reach the airport in 6 minutes. The plane changes its rate of speed immediately.

a) On the same graph as the original course, plot the new course of Southwest 190. See attached graph.
b) Is the plane now moving faster or slower than before? How can you tell by looking at the two lines on the graph? The plane is moving faster. The line is steeper than the original.
c) What is the plane’s new rate of speed toward the airport? Explain how you figured it out. 9 miles/minute. Explanations will vary.


6) Pretend that at t = 0, air traffic control tells Southwest 190 to reduce its speed in half. 

a) Give the plane’s new rate of speed. 3 miles/minute
b) On the same graph, plot the new course of Southwest 190. See attached graph.
c) Compare the 3 lines that are now on the graph. How are they different? How are they the same? How do you calculate the rate of speed represented by each line? The lines approach the x-axis with different steepness, but they all have the same y-intercept. The rate of change is calculated the same way for all lines; two points must be identified and the change in miles is divided by the change in minutes.
7) Think of a situation when the graph of Southwest 190’s approach to the airport would not be a straight line. What does a curved line mean for the plane’s rate of speed? Any graph that is not a straight line represents a change in the rate of speed. In the curved graph below, the plane is approaching the airport at a fast pace and then slows down as it gets closer to reaching its destination.
It might help to look at this curved graph and try to think of a situation that would match the curve.
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Teacher Resource 2.2

[image: image38.wmf]Answer Key: Graphing Rates of Change

Directions 

Speed is not the only rate of change. Read the problem and state the rate of change described. The first rate is given for you. Graph the rates of change in the space provided. Pay attention to how the axes are labeled!
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[image: image43.wmf]Teacher Resource 3.1

Answer Key: Delta 134, Divert to Alternate Airport

Directions 
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Three aircrafts are flying on the same flight path toward their destination airport. What will the graph look like if a plane turns around and moves away from the airport? Answer the questions about Delta 134 using the graph you produced during a previous activity. 


1)
Look at the graph you made for Delta 134. Label the line “Original course,” and write the coordinates of the graph at each minute of travel. 

2)
Calculate the rate that the plane is moving in miles per minute. 7.5 miles/minute
What coordinates did you use to calculate the plane’s rate of speed? Answers will vary.
What would happen if different coordinates were used? The same rate would be calculated.
3)
a)
On the same graph, sketch a line that represents the plane moving toward the airport at a slower rate than its original speed. Label the line “Approaching airport, slower speed.” Answers will vary; see the attached graph for an example answer.


b)
Sketch a line that represents a faster rate for the plane. Label the line “Approaching airport, faster speed.” Answers will vary; see the attached graph for an example answer.

c)
Calculate the slopes of your two lines. State what the slopes represent in this situation. Answers will vary.
[image: image46.wmf]
4) Pretend that at t = 0, air traffic control diverts Delta 134 to an alternate airport. It tells the plane to keep its speed, but to turn around and fly away from its original destination. Delta 134 changes its direction immediately.

a) Fill out the data table for Delta 134’s new flight path.

	Time in Minutes (t)
	0
	1
	2
	3
	4
	5
	6

	Miles away from Original Airport (m)
	50
	57.5
	65
	72.5
	80
	87.5
	95


b) On the same graph, plot the new course of Delta 134. Label the line “Leaving airport.” See the attached graph.
c) How is the rate of change of the new course different from the original? How are the two courses the same? How do the graphs of the paths look different? The graph of the new course moves away from the x-axis, while the original moves toward it. This is due to the opposite directions of the two courses.
d) Compare the data table of the original Delta 134 path and the data table you just filled out. How does the number of miles away from the airport change at each minute? Explain why it makes sense that the slope of the original line is −7.5 mi/min. In the original path, the distance decreases by 7.5 miles each minute. The new graph increases by 7.5 miles each minute. It makes sense that the original graph has a negative slope because decreasing is associated with negatives, or subtraction.
e) What should the slope of the line representing the new path be? Explain why your answer makes sense in terms of the data table you created for this path. 7.5 miles/minute
5) On the same graph as the other lines you drew, sketch lines that represent: 

a)
Delta 134 flying away from the airport at twice the original speed. Label the line “Leaving airport, faster speed.” See attached graph.
b)
Delta 134 flying away from the airport at half the original speed. Label the line “Leaving airport, slower speed.” See attached graph.
c)
Calculate the slopes of the two lines you sketched. Answers will vary.
[image: image47.wmf]
6) What do you know about slope? Write an explanation in your notes. Use the following prompts to help you. Answers will vary.
[image: image48.wmf]
Teacher Resource 3.2

Answer Key: Calculating Slopes

Directions 

Calculate the slopes of the following lines. Make sure to check whether the slope is positive or negative.
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1)
Are the slopes of the lines positive or negative? How do you know? Negative; the y-values are decreasing as the x-values are increasing.

2)
Calculate the slopes of the lines. Moving West: −8/3; Moving East: −6/7

3)
What pieces of information did you need to use from the graph? At least two known points on each line is required.

4)
In which direction is the hill steeper? How can you tell by just looking at your answers to question 2? The hill is steeper to the west because the magnitude of the line’s slope is larger.
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5)
Are the slopes of the lines positive or negative? How do you know? Positive; the y-values are increasing as the x-values increase.


6)
Calculate the slopes of the lines. Company A: 5/2; Company B: 50/3

What pieces of information did you need to use from the graph? At least two known points on each graph is required.


7)
Which company makes more profit for every toy they sell? How can you tell by just looking at your answers to question 6? Company B makes more profit on each toy it sells, because the magnitude of the slope of its profit line is larger.

Teacher Resource 4.1

[image: image49.wmf]Answer Key: American 722, Maintain Your Separation

Directions 

[image: image50.wmf][image: image51.wmf]Three aircrafts are flying on the same flight path toward their destination airport. What will the graph look like if planes want to stay the same distance apart for the duration of their trips? Answer the questions about American 722 and Southwest 190 using the graphs you have already produced. 


1) On the graph provided, chart the progress of Southwest 190 and American 722. See attached graph.

	Position and Speed of Planes on Flight Path A

	Plane
	Position at time = 0
(miles from Airport)
	Speed toward Airport
(miles per hour)
	Speed toward Airport
(miles per minute)

	Southwest 190
	54
	360
	6

	American 722
	62
	540
	9


2) Calculate the slopes of both of the lines you graphed. Write the steps of each slope calculation. State what the slope of each line means in this situation. The slopes represent the planes’ speeds. Southwest 190 is moving at 6 miles/minute, and American 722 is moving 9 miles/minute.

3) If the two planes fly toward the airport as described by the graph you just made, how many miles apart are they from each other at the following times?

	a) 1 minute
	5 miles
	b) 1.5 minutes
	3.5 miles
	c) 2 minutes
	2 miles


4) At what time would American 722 hit Southwest 190 if they did not change their flight plans? Explain how you found your answer. The time when the two lines intersect is when the planes will collide. By looking at the graph, that time is approximately 2.6 minutes.


5) Air traffic control does not want the planes to hit each other, obviously. At t = 0, it tells American 722 to stay the same distance apart from Southwest 190 for the remainder of the flight. 

How far apart are the planes at t = 0? 8 miles apart

Does American 722 need to speed up or slow down to maintain its separation from Southwest 190? It must slow down.

6) a)
For each minute, mark the point on the graph that would represent American 722 maintaining its separation from Southwest 190. See attached graph.
b) Draw the line that would represent American 722’s movement if it were to maintain its distance from Southwest 190 all the way to the airport. Label the line “American 722, new course.” 
See attached graph.

c) Calculate the slope of American 722’s new course. −6 miles/minute
d) How does the slope of American 722’s new course compare with the slope of Southwest 190’s course? They are the same.
e) What does your answer to question 6c mean about the speeds of the two planes? The planes must travel at exactly the same speed in order to maintain separation.

7) Another plane, United 20, is 65 miles away from the airport at t = 0. Air traffic control tells it to maintain its 3-mile separation from American 722 as it approaches. 

a) How fast should United 20 travel in order to maintain its distance from American 722 on its new course? 6 miles/minute
b) For each minute, mark the point on the graph that would represent United 20 maintaining its separation from American 722. See attached graph.
c) Draw the line that would represent United 20’s progress toward the airport. Label the line “United 20.” See attached graph.
d) Calculate the slope of United 20’s line. Does it confirm your answer to question 7a? If not, explain why. The slope should confirm the answer to question 7a and be 6 miles/minute.
e) How does this slope compare with those of American 722’s new course and Southwest 190? Why does this make sense? All of the slopes are equal because they represent moving at the same speed to maintain separation.
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Teacher Resource 4.2

Answer Key: Parallel Lines

Directions 

Answer the following questions completely. Make sure to show all your work.

There are three planes leaving the airport on the same flight path—Plane A, Plane B, and Plane C. They take off from the runway at 2-minute intervals, as recorded in the table below.

	Plane
	Time (t) at Take Off
	Distance (d) at t = 8

	Plane A
	t = 0
	d = 32 miles

	Plane B
	t = 2
	

	Plane C
	t = 4
	


1) Assume that at the time of take off, d = 0. 

a) Plot the two points for Plane A on the graph provided, and draw a straight line through them. See attached graph.
b) What is Plane A’s speed? Write down the calculations you performed to figure that out. 
4 miles/minute 
2) Air traffic control tells Planes B and C to maintain the same distance between themselves and Plane A once they take off.

a) How far apart are Planes A and B when Plane B takes off? 8 miles apart
b) How far apart are Planes A and C when Plane C takes off? 16 miles apart

3) Graph the progress of Planes B and C on the same graph as Plane A. Make sure that the planes stay the same distance from Plane A at all times.

a) What do you notice about the three lines you graphed? They are parallel.
b) How fast must Planes B and C travel in order to maintain their distances apart from Plane A? 4 miles/minute
4) a)
If the Planes B and C traveled slower than the speed in question 3b, what would happen? Make a quick sketch of what the graph would look like.

The distance between Plane A and Planes B and C would increase as time elapsed.

b)
What would happen if they traveled faster? Make a quick sketch of what the graph would look like.

The distance between Plane A and Planes B and C would decrease as time elapsed.

5) Write down what you know about maintaining separation. Use these prompts to help you. 

Answers will vary.

In real life, if you want to keep the same distance away from something at all times, you have to travel at a speed that ____________________. This is because ___________________.

Mathematically, lines stay the same distance apart from each other at all points if _____________________. 

This has to do with slope because ______________. 

Parallel means _______________. Slope is related to parallel lines because _________.

[image: image9.wmf]Planes A, B and C
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Teacher Resource 5.1

Sample Answer: Safe Landings

Directions 

Three aircrafts are flying on the same flight path toward their destination airport. What will the graphs of the planes’ movement look like if they were all to land safely? Answer the following questions. 


8) Graph the paths of all three planes on the same graph. Use a different color for each plane.

	Position and Speed of Planes on Flight Path A

	Plane
	Position at time = 0
(miles from Airport)
	Speed toward Airport
(miles per hour)
	Speed toward Airport
(miles per minute)

	Delta 134
	50
	450
	7.5

	Southwest 190
	54
	360
	6

	American 722
	62
	540
	9



You are the air traffic controller in charge of guiding the three planes safely to the airport. At t = 0, you contact all three planes with instructions on the speed of their approach. To decide what instructions to give each plane, you must consider the following requirements:

a) All planes must maintain a minimum separation distance of 1.5 miles at all times in the air.

b) Safety regulations state that planes should land a minimum of 2 minutes apart.

c) To avoid planes arriving from other directions, all three flights must land before t = 10.

d) The maximum safe speed for all three planes is 540 miles per hour.

e) All flights want to land at the airport as soon as possible to please their customers.

9) Decide the new speed each plane should change to at t = 0 to fulfill all of the requirements.

a) Graph the progress of each of the three planes on a new graph. See graph.
b) Calculate the slope of each line you drew, and state what the slope of each line means.

Delta 134’s new slope: −9. The plane is moving toward the airport at 9 miles per minute (540 miles per hour).

Southwest 190’s new slope: −7.1. The plane is moving toward the airport at 7.1 miles per minute (426 miles per hour).

American 722’s new slope: −6.45. The plane is moving toward the airport at 6.45 miles per hour (387 miles per hour).

c) State at what time each plane lands at the airport. Circle the point on each line that states when the plane has arrived at the airport.

Delta 134 lands at t = 5.56 minutes

Southwest 190 lands at t = 7.61 minutes

American 722 lands at t = 9.61 minutes

10) Now assume that you contacted all three planes at t = 2, and they change speed at that point. (From t = 0 to t = 2, each plane has been traveling at the speed recorded in the data table.) Answer all the parts of problem 2 for this new situation. 

a) See graph.

b) Delta 134’s new slope at t = 2: −9. The plane speeds up to 9 miles per minute (540 miles per hour).

Southwest 190’s new slope at t = 2: −7.1. The plane speeds up to 7.1 miles per minute (426 miles per hour).

American 722’s new slope at t = 2: −5.55. The plane slows down to 5.55 miles per minute (333 miles per hour).

c) Delta 134 lands at t = 5.89 minutes

Southwest 190 lands at t = 7.92 minutes

American 722 lands at t = 9.93 minutes

11) Were any of the graphs of the planes’ movement in problem 3 straight lines? Explain why your answer must be correct in terms of slope. None of the graphs are straight lines because all of the planes changed their speed. A different speed must correspond with a different slope. Since all linear graphs have a constant slope the graphs in problem 3 must not be linear.
12) If a rate of change is graphed and is a straight line, what does that mean about the two quantities being graphed? The two quantities must be changing relative to one another at a constant rate.
13) Sketch what the graph would look like if you told all planes to approach at the same speed starting at t = 0. See sketch below. All three lines would be parallel.
How far apart would each plane be from the others at t = 3? t = 5? At any time? The three planes would maintain their distances from each other throughout their travels. Southwest 190 would always be 4 miles away from Delta 134, and American 722 would always be 8 miles away from Southwest 190.
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Teacher Resource 6.1

Answer Key: What Is Your Position?

Directions 

Pilots and air traffic controllers can use the information in graphs to figure out needed information. The relationship between two quantities (like distance vs. time) shown in graphs allows a person to calculate exactly where a plane will be at any given time.

14) Examine the following graph that describes the progress of a plane toward the airport.

a) Calculate the slope of this graph. −41/6
b) What does the slope represent in this situation? The speed that the plane is approaching the airport.
c) Does the slope change at any point on the graph? Explain how you know. The slope doesn’t change because the graph is a straight line.
d) Use the graph to estimate where the plane would be after 4 minutes. Approximately 60 miles away from the airport.

Air traffic controllers must be able to predict exactly how far a plane is from the airport at any given time. The inverse is also true—air traffic controllers must be able to figure out exactly what time a plane will be at any given distance. 

The following problems will help you find a way to calculate accurate predictions.

15) The coordinates on the graphed line state where the plane is in relation to the airport at all times. Make t represent time and d represent distance from the airport. 

If t = 5, then what would d equal? In other words, where would the plane be after 5 minutes?

a) What must the slope be from the point (0,82) to the point (5,d)? How do you know? 
−41/6, because the slope is constant.
b) Write an expression for the number of miles that are traveled between (0,82) and (5,d). 
−(82 − d). The quantity is negative because the distance is clearly decreasing as time elapses.
c) How many minutes pass between (0,82) and (5,d)? 5 minutes
d) Use your answers to questions 2a, 2b, and 2c to write an equation to solve for d. State where the plane will be after 5 minutes.

−41/6 = −(82 − d)/5

−205 = −6(82 − d)

−205 = −492 + 6d

−287 = 6d

47.83 = d

After 5 minutes, the plane will be 47.83 miles from the airport.

16) A different plane is approaching the airport. Air traffic control gets a radar reading at t = 1 and t = 5, and graphs the results.

When will the plane reach the airport?


a) What is the plane’s rate of change? How fast is it moving? −8 miles/minute
b) Draw the point on the graph that shows when the plane reaches the airport. Write the coordinates of that point, filling in a number when you can and using a variable for the information that you do not know. It is the x-intercept, or (t,0).
c) What must the slope be from point (1,62) to the point that you need to calculate? −8
d) How many miles are traveled between the point (1,62) and the point you need to calculate? 
−62 miles
e) Write an expression for the number of minutes that pass between (1,62) and the point you need to calculate. (t − 1)
f) Write an equation using your answers to questions 3c, 3d and 3e and solve for the time that the plane reaches the airport.

−8 = −62/(t − 1)

−8t + 8 = −62

−8t = −70

t = 8.75 minutes

Repeat the process you went through in problem 3, this time using the point (5,30). Did your final answer change, or stay the same? Why does that result make sense? The answer remains the same, which makes sense because the slope (a proportion) is constant.
17) JetBlue 134 is departing from the airport. Air traffic control monitors its progress to make sure it does not conflict with any incoming aircraft. The plane takes off at t = 0. The radar takes a reading at t = 3, and shows that the plane is 21.75 miles away. 

Where will the plane be in an hour?

a) Graph the progress of the plane.
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b) What is the slope of the graph? How fast is the plane moving away from the airport?
87/12; 7.25 miles/minute 
c) What are the coordinates that you want to figure out? Label that coordinate on the graph, using numbers when you can, and a variable for the information you do not know. (60,d)
d) Use the same process as in the previous problems to solve for where the plane will be in an hour. 435 miles away from the airport
Teacher Resource 6.2

Answer Key: What Is the Big Picture?

Directions 

Previously, you figured out the coordinates of a specific point on a line given two other points on the same line. Now you will calculate formulas that will provide the coordinates of any point on a line. Complete the following problems to help you come up with a system to create equations of lines.

18) The coordinates on the graphed line state where the plane is in relation to the airport at all times. Make t represent time and d represent distance from the airport. 

At any time t, what would d equal? Is there a way to express the relationship between t and d in general, without calculating specific points?

a) What is the slope of the line? How fast is the plane moving? −41/6 miles/minute
b) What must the slope be from the point (0,82) to the point (t,d)? How do you know? −41/6
c) Write an expression for the number of miles that are traveled between (0,82) and (t,d). −(82 − d)
d) Write an expression for the number of minutes that pass between (0,82) and (t,d). (t − 0) = t
e) Use your answers to questions 1b, 1c, and 1d to write an equation that relates t and d. 
−41/6 = −(82 − d)/t
f) Check your answer to question 1e. Use the equation you came up with to figure out what is the distance of the plane from the airport when t = 5. Compare your answer with the answer you calculated in the previous activity. Are the answers the same? Yes, they are the same.
g) What are the numbers that makes sense to plug into the equation for t in this situation? 
All numbers between 0 and 12, assuming the plane lands when it reaches the airport instead of passing over it. 
If there is no real-world situation that it describes, an equation is just a mathematical relationship. In mathematics, you can plug any real number in for t, including negative numbers, decimals, and fractions. Graph the equation you came up with in problem 1. Fill out the following data table to help you graph. 

Equation: −41/6 = −(82 − d)/t, 41t = 6(82 − d) or any equivalent equation
	Time (t)
	−4
	−3
	−1
	2
	6.5
	10
	20

	Distance (d)
	109.3
	102.5
	88.83
	68.3
	37.58
	13.67
	−54.67
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19) Time and distance relationships are not the only ones that can be described with graphs and equations. 

A Boeing 747 is in route from New York to Los Angeles. 120 miles from the airport, the plane has burned a total of 1,520 gallons of jet fuel. When the plane is 900 miles away, it has consumed 5,420 gallons of jet fuel. 

What is the equation that relates the gallons of fuel burned to the number of miles flown? 


a) Sketch a graph of the situation on the axes provided above. Label the coordinates of the points you know. See graph above.

b) What is the slope of the line? What rate of change does the slope represent in this situation? 
5 gallons/mile
c) Choose any point not already labeled on the line. Since you don’t know what its coordinates are, label the point (x, y). See graph above.
d) What must the slope be between point (x, y) and one of the points that you already know? 5 
e) Write an expression for the gallons of fuel consumed between a point you know and (x, y). 
(5420 − y) 
f) Write an expression for the number of miles traveled between the points you know at (x, y). 
(900 − x) 
g) Use your answers to questions 3d, 3e, and 3f to write an equation relating the quantity of fuel consumed and the number of miles flown. (5,420 − y)/(900 − x) = 5 or 4,500 − 5x = 5,420 − y

20) The quantity of fuel consumed when 0 miles have been flown is the fuel used during take off. How much fuel did the Boeing 747 use at take off? Show how you used the equation to figure this out.
920 gallons
Sometimes mathematicians need to think about graphs and equations that do not describe a specific real-world situation. 

Consider these two points: (2, −3) and (10, 13).


a) Sketch the line on the axes above. Label the points that you know. See graph above.
b) What is the slope of the line? 2
c) Label an unknown point anywhere on the line (x, y). See graph above.
d) Write an expression for the distance in the vertical direction between (2, −3) and (x, y). y − (−3)
e) Write an expression for the distance in the horizontal direction between (2, −3) and (x, y). (x − 2)
f) Using your answers to questions 5c, 5d, and 5e, write an equation representing the relationship between x and y. 2 = (y + 3)/(x − 2) or 2x − 4 = y + 3 
In problem 5, predict what y equals when x = 70. Use your equation to calculate the answer. 
y = 133 
Teacher Resource 6.3

Answer Key: Graphing Equations

Directions 

You have worked on making equations from graphs. Now, you will practice making a graph from an equation. Complete the following problems.

To fill out the data table, choose any numbers that make sense in the situation for the top variable, and solve for the bottom variable. Then graph the equations on the spaces provided. Answers will vary; example answers are shown.

21) Situation: At hour 2, a man is 4 miles away from home. At any point you find him, he is walking at a constant rate of 3 miles an hour.

Equation: 
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a)
Is the man walking away from or toward the house? Explain how you know.
The man is walking away from the house, because the slope is positive.
22) Situation: A restaurant has already served 21 orders of pasta. It gets 7 orders of pasta for every new order of lobster it receives.

Equation: 
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a)
What do x and y represent in this situation?
x represents the number of lobster orders. y represents the number of past orders.
23) Situation: A notebook costs $2, and a pack of pencils costs $3. The class has budget of $120 for these supplies.

Equation: 
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a)
What is the slope of the line? –2/3
b)
What does the slope represent in this situation?
The slope represents the price ratio of notebooks and packs of pencils. Or, the slope represents that you must remove two pencil packs for every additional three notebooks you buy.
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Teacher Resource 7.1

Answer Key: Which Form Is Best?

Directions 

In the last activity you wrote equations to describe relationships between two quantities. In this activity, you will explore how different forms of equations are useful for different applications. 

Consider the following situations and their matching equations. 

e = number of economy seats

f = number of first class seats


Situation A: Each economy seat takes up 5 ft2 of area on a plane. Each first class seat takes up 10 ft2. The total passenger area of a certain plane is 900 ft2.

Equation A: 5e + 10f = 900


Situation B: The entire passenger area of a certain plane can hold 180 economy seats. You must remove 2 economy seats for every first class seat you put in.

Equation B: e = 180 − 2f
24) Create data tables for both equations.

	Equation A: 5e + 10f = 900

	Economy (e)
	2
	4
	6
	8
	10
	12
	14
	16

	First Class (f)
	176
	172
	168
	164
	160
	156
	152
	148

	Equation B: e = 180 −2f

	Economy (e)
	2
	4
	6
	8
	10
	12
	14
	16

	First Class (f)
	176
	172
	168
	164
	160
	156
	152
	148


25) What do you notice about the two data tables? They are the same.
What does this mean about the two equations? The equations are equivalent.
What does this mean about the graphs of the two equations? The graphs are identical.
26) Use what you know about solving equations to isolate e in equation A. What do you end up with?
Equation B 



Why would problem solvers want to make an equation look like one form or the other? The following activity will make the answer to that question clearer.


Consider these two equivalent equations:

Equation C: −2x + 4y = 12 (Standard Form)

Equation D: 
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27) Prove that the two equations are equivalent. 

a) Solve equation C for y to create equation D. 

b) Perform operations on both sides of equation D to create equation C.

28) In many situations, it is important to figure out the x- and y-intercepts of a line. Remember that the x-intercept has the coordinates (x,0). The y-intercept has the coordinates (0,y).

a) Solve for the x-intercept using the equation in standard form. (−6,0)
b) Solve for the x-intercept using the equation in slope-intercept form. (−6,0)
c) You should have calculated the same answer for questions 5a and 5b, since the equations are equivalent. However, which equation was easier to use? Typically, the standard form is easier to use.
d) Answer questions 5a, 5b, and 5c again, this time solving for the y-intercept. (3,0)
29) Many situations require you to figure out the rate of change, or slope. 

a) What is the slope of the line described by equations C and D? You can graph the lines or create a data table if it helps you solve this problem. 1/2
b) In which form of the equation does the slope appear without any extra work from you? 
Slope-intercept form 
30) Which form of the equation is easier for creating a data table, when you know what values you want to plug in for x? Why? Slope-intercept form, because the y is already isolated.
31) Write down what you know about equations of lines. Use the following prompts to help you. Answers will vary.
Equations are equivalent when ___________________. The graphs of equivalent equations are ___________.

Graphs are straight lines when the slope is ____________. All equations that create linear graphs have these things in common: _______________.

Two equivalent forms of linear equations are _____________ and ______________.

The standard form is good for quickly finding out _________________, because ____________. 

The slope-intercept form is good for quickly finding out ___________, because ____________.

Student Resource 7.2

Homework: Equivalent Forms

Directions 

Practice converting linear equations into different forms. Show all of your work. 

Jason writes an equation to describe the movement of the plane from the airport. Here is his work: 

1)
Complete the following.

a) Use what you know about equivalent equations to convert Jason’s equation into the standard form (ax + by = c). −5x + y = 80
b) Convert Jason’s equation into the slope-intercept form (y = mx + b). y = 5x + 80
c) Choose any number and plug it in for x in each of the three forms. Solve for y in each equation. Do you get the same answer from each form? If not, find your mistake. Yes

For each of the following problems,

a) State what form each linear equation is in (standard, slope-intercept, or neither). 

b) Convert the equation into the other equivalent form (or both forms, if it originally was neither).

c) State the x-intercept, y-intercept, and slope of the line.

	2)
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Slope-int. form:

y = (2/7)x + (50/7)

Int: (−25,0);(0, 50/7)

Slope: 2/7
	3)
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Standard form:

−3x + y = 4

Int: (−4/3,0); (0,4)

Slope: 3
	4)
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Standard form:

−x + y = −22

Slope-int. form:

y = x − 22

Int: (22,0); (0,−22)

Slope: 1
	5)
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Standard form:

4x − y = 23

Slope-int. form:

y = 4x − 23

Int: (23/4,0);(0,23)

Slope: 4


Teacher Resource 8.1

Sample Solution: Air Traffic Control Project

Assignment 

Five aircrafts are flying toward the same airport on two different flight paths. Each flight gives air traffic control information on its position and speed. What is the fastest way to get all the planes to land safely? Use the given flight information and constraints to engineer a solution.

Flight Information at t = 0

· Plane A reports that it is 42 miles away on Path S, traveling at 580 miles an hour.

· Plane B was read by the radar at t = −3 to be 70 miles away on Path S. At t = 0, it is 40 miles away. 

· Plane C states its course as
d =-540t + 38, where d is distance in miles and t is time in hours. It is on Path S. 

· Plane D states its course as
600t + d = 40, where d is distance in miles and t is time in hours. It is on Path T. 

· Plane E is 37 miles away on Path T. It states that at its current speed, it will reach the airport in 3.83 minutes.

Safety Constraints

· All flights must land at the airport a minimum of 2 minutes apart from each other.

· All planes must be a minimum of 2 miles apart from each other while in flight.

· The maximum speed of any plane is 600 miles per hour.

Other Considerations

· All flights should land as soon as possible to ensure customer satisfaction.

· All planes will take a direct path to the airport—no circling around the airport is allowed.

· Assume that all planes can change their speed instantaneously.

· Assume that all planes must stay on their designated flight path.

	Current Situation

	Plane
	Current Speed (mph)
	Course Equation 
Slope-Intercept Form
(y = mx + b)
	Course Equation
Standard Form
(ax + by = c)
	Time that the Plane Reaches Airport

	Plane A
	580
	d = −580t + 42
	580t + d = 42
	t = 4.34 minutes

	Plane B
	600
	d = −600t + 40
	600t + d = 40
	t = 4 minutes

	Plane C
	540
	d = −540t + 38
	600t + d = 38
	t = 4.22 minutes

	Plane D
	600
	d = −600t + 40
	600t + d = 40
	t = 4 minutes

	Plane E
	579.6
	d = −579.6t + 37
	−579.6t + d = 37, or

2898t + 5d = 185
	t = 3.83 minutes

	Safety Violations: 

· All 5 of the planes are landing far sooner than 2 minutes apart from each other.

· Plane B will collide with Plane C at t = 2 minutes. Plane B violates the 2 mile separation constraint after t = 0.

· If Plane B manages not to collide with Plane C, it will land at exactly the same time as Plane D.

· Planes A and C violate the 2 mile separation constraint after approximately t = 3.

· Planes D and E violate the 2 mile separation constraint after approximately t = 3.


	Suggested Solution

	Plane
	New Speed (mph)
	Course Equation
Slope-Intercept Form
(y = mx + b)
	Course Equation
Standard Form
(ax + by = c)
	Time that the Plane Reaches Airport

	Plane A
	210
	d = −210t + 42
	210t + d = 42
	t = 12 minutes

	Plane B
	240
	d = −240t + 40
	240t + d = 40
	t = 10 minutes

	Plane C
	400
	d = −400t + 38
	400t + d = 38
	t = 5.7 minutes

	Plane D
	300
	d = −300t + 40
	300t + d = 40
	t = 8 minutes

	Plane E
	600
	d = −600t + 37
	600t + d = 37
	t = 3.7 minutes
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Speed is a type of rate of change. It tells you the relationship between the distance an object moves and the time it takes to move that distance. 


Examples: � EMBED Equation.3  ���





Distance from Airport (miles)





Time (minutes)





Distance from Airport vs. Time


Southwest 190





1)	On day 0, Yasmin already has to make up 2 homework assignments. Each night after that, 4 more assignments are added. 


Rate of Change = � EMBED Equation.3  ���





2)	Chef Tom starts with � EMBED Equation.3  ��� cup of flour. For each egg he puts in the bowl, 1 cup of flour must be added.�


Rate of Change = 





3)	Coach Johnson estimates that to win the game, his team must have 1.5 minutes of possession for every minute the other team has the ball.





	Rate of Change = 


1.5 minutes of team possession�
�
1 minute opposing team possession�
�









4)	Hannah saved $500 for shoes. She spends an average of $40 per pair of shoes.





	Rate of Change = 


−$40�
�
1 pair of shoes�
�
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The graphed line shows that it takes 15 minutes for the distance away from the airport to decrease from 90 miles to 0 miles.


This rate of change is the slope of the line:


Slope 	= � EMBED Equation.3  ��� 
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Rates of Change (like speed) are represented by a graph’s slope. Slope communicates a rate of increase or decrease of one quantity in relation to another quantity. 


Example: 
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The graphed line shows that it takes 15 minutes for the distance away from the airport to decrease from 90 miles to 0 miles.


This rate of change is the slope of the line:


Slope 	= � EMBED Equation.3  ���





0





0





Distance from Airport (miles)





Rates of Change (like speed) are represented by a graph’s slope. Slope communicates a rate of increase or decrease of one quantity in relation to another quantity. 


Example: 
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Equation A is an example of a linear equation in Standard Form. The Standard form of an equation is


ax + by = c,


where a, b, and c are integer constants (numbers). x and y are variables.





Equation B is the same linear equation, this time in Slope-Intercept Form. The slope-intercept form of an equation is


y = mx + b,


where m and b are constants (numbers). x and y are variables.





Given Information: At t = 2, a plane is 90 miles away from the airport. At t = 5, it is 105 miles away.


Work:


Slope is the rate of change. This plane moves � EMBED Equation.3  ���	� EMBED Equation.3  ���


I need an equation for any point (x, y) on the graph. The slope calculation of (2,90) to (x, y) is


� EMBED Equation.3  ���


The slope is always 5 in this situation, so I can write this equation:


� EMBED Equation.3  ���
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Position of Planes at t = 0 
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Airport














(900, 5420)





(x, y)





(120, 1520)





Distance (miles)





Jet fuel consumed (gallons)











































































































1 cup of flour�
�
1 egg�
�
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(5, d)
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(10,13)





(x,y)





(2,−3)
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